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Abstract
In this work, we consider a pair of interacting strings that may thermally fluctuate around some line-reference. We
assume that the two strings interact via a -deformed Morse potential that reproduces well the features of the real
interaction. Using the Transfer Matrix Method, based on the resolution of a Schrödinger equation, we first exactly
determine their solutions that were found to be bound states. Second, from the exact expression of the ground state, we
compute the contact probability that is the probability to find two interacting strings at a (finite) distance apart, and
obtain its exact scaling form and the associated contact exponents. The main conclusion is that, the analytical studies
reveal that the -deformed Morse potential is a good candidate for the investigation of the statistical properties of
fluctuating strings.
Keywords: Strings, Interactions, Deformed Morse potential, Statistical Mechanics.

1. Introduction
Strings are one-dimensional objects that possess rich
statistical properties due to their soft and flexible
morphology. For example, DNA molecule is formed by
two connected flexible polymer chains that are organized
in a double helice configuration. In particular, a pair of
strings may exhibit an unbinding transition [1]. We
emphasize that the mechanism ruling this phenomenon is
analog to that governing interfacial wetting [2] and
adsorption-desorption transitions of polymers [3]. The
common feature of these interfacial phenomena is that,
they have a behavior similar to that of 1-dimensional lines
or strings of finite tension [4], such as ledges on crystal
surfaces, stretched (or directed) polymers and vortex
lines in superconductors.
We note that the unbinding transition from strings, as
from bilayer membranes, is often driven by steric shapefluctuations [5] whose amplitude increases with
temperature. These repulsives entropic forces are
actually in competition with the van der Waals attractive
ones. There exists a certain value of the Hamaker
amplitude (threshold) beyond which the van der Waals
attractive interactions are sufficient to bind the string
together, while below this characteristic amplitude, the
membrane undulations dominate the attractive forces,
and then, the string separate completely.
An interesting alternative tool to quantitatively
investigate the statistical properties of string-pairs is the

so-called Transfer Matrix Method (TMM) usually
encountered in Quantum Mechanics [6-8] and Critical
Phenomena [9,10]. Very recently, TMM was applied to
extract the statistical properties of adjacent strings using
the generalized Morse potential [11].
In this paper, we apply TMM to some new potential
we introduce, for the first time, which is the -deformed
Morse potential (MP). The value
gives the standard
Morse potential used in Atomic Physics to study the
atoms vibrations within molecules [12]. Also, such a
potential was recently used for the study of DNA
denaturation problem [13,14]. While the value
1
defines a generalized Morse potential that was
introduced by Deng and Fan [15], in Quantum Mechanics
context.
The choice of this -deformed MP can be motived by
the fact that its shape models well the real interaction
potential (repulsive at short-distances and attractive at
high-distances). Another virtue of this potential is that, its
associated energy spectrum is discrete, and then, all its
eigenfunctions are bound states. The existence of these
states makes it a good candidate for the study of the
statiscal properties of adjacent strings.
This paper is organized as follows. In Section 2, we
present the used string model and the analytical
expression of the -deformed MP. In Section 3, we solve
the associated Schrödinger equation to get the exact form
of the contact propability. Finally, some concluding
remarks are drawn in the last section.
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2. String model
Consider two interacting strings that move on a twodimensional space. We assume that, on average, they
fluctuate around a line-reference, say x-axis, and in
addition,
their
associated
elongations
remain
perpendicular to this axis. The conformation of strings can
be described by the local field-separation [16],
,
which is perpendicular to the line-reference. The
Statistical Mechanics of strings is based on the
Hamiltonian
[]

∫ [ ( )

]

.

or
. But, it does for
, where it
becomes infinite at the distance-origin
.
In Fig. 1, we report the -deformed MP, for various
values of the parameter keeping fixed the other ones
. In particular, this figure shows that, the
potential minimum is shifted towards its smaller values,
as the parameter is increased.

(1)

Here,

is the string length, is the effective tension, and
represents the interaction potential, whose form is
the following
[(

)

]

(2)

with the notation
(3)
where
denotes the minimum point of the potential.
We assume that the parameter is such that
or
. In fact, the parameter
acts as an
important deformation parameter. There,
is the
potential deepth and
defines the potential-range.
As physically required, the potential
fails to , at
infinity, that is for
.
Notice that, the proposed potential is a fourparameter exponential-type one that already pointed out
in Ref. [17], and it may reduce to the most well-known
exponential-type molecule potentials by choosing
appropriate parameters
. The values
and
describe the standard and generalized MPs,
respectively. Hence, potential
is more general and
may be a good candidate for the study of a large class of
interacting molecular systems.
The potential
(
provided that
condition that

possesses one root for
)

Figure 1 : Reduced Morse potential,
, versus
distance (in nanometer unit), for various parameters
,
, and
. These curves are drawn with
the parameters :
and
.
2. Exact contact probability
In the framework of TMM, the contact probabilty to have
the two strings at some distance apart is given by the
knowledge of the ground state that solves a Schrödinger
equation described below.
Let us start by recalling the useful Katos's mathematical
theorem [18] :
Suppose that the potential
operator
and that

of the Schrödinger
is bounded from below

(6)
(4)

is fulfilled. Then, the
is ensured.

We show that the unique minimum point of the potential,
, is above the zero , and it is given, in terms of
parameters
, by
(5)
It is easy to that the interaction potential presents no
asymptote at non-vanishing positive abscissa, for

Notice that
has no positive eigenvalues. Indeed, if
, with
and
, then,
.
Therefore, all eigenfunctions of the Schrödinger equation
are bound states, of negative eigenvalues. The
eigenvalues spectrum is then discrete. As remark [18], the
point
can be an eigenvalue of the operator
, even when
.
The considered -deformed MP effectively satisfies
the above theorem conditions. First, it is bounded from
below, since
, for all values of distance .
Second, the limit (6) is also fulfilled, due to the presence
of exponential tails in the potential expression (2). In
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addition, according to the above remark, this potential
may have a ground state, since it is infinitely
differentiable. The conclusion is that, the Schrödinger
equation with a -deformed MP has only bound states as
solutions and a discrete spectrum.
Now, we note that, in the thermodynamic limit, that is
for
, the statistical properties of model
can be
studied using TMM that is based on the resolution of a
Schrödinger-equation type [6-8],

at roughening of the contact probability of two adjacent
manifolds. The latter scales as [1]

(7)

Here, the explicit factor
arises from normalization.
To recover relationship (12), the scaling function
must behave as

where
is the absolute temperature and
is the
Boltzmann's constant. In the above differential equation,
the parameters
’s and
’s denote the set of
eigenvalues and wave-functions, respectively. The
eigenvalues
’s are ordered in such a way that
.
The ground state eigenvalue
defines the free
energy density, , that is
, while the corresponding
eigenvector,
, determines the probability
distribution,
. In fact,
represents the
probability of finding two strings at a separation between
and
. The probability distribution is then given by
|

|

∫|

|

.

(8)

(12)
On the other hand, we can put the probability distribution
on the following scaling form
(13)

for small (with

〈 〉

∫

∫

(9)

The string roughness is given by
[〈 〉

〈〉 ]

.

(10)

Before making explicit calculations, it will be convenient
to recall some backgrounds concerning the general
statistical properties of the string-pairs.
First, we recall the definition of the roughness
exponent. Consider a fluctuating manifold (string or
bilayer membrane) and notice that the latter makes large
transverse excursions from its average position. The
manifold is rough if the typical size, , of its transverse
excursions grows with its lateral size, . It is admitted
that the two lengths obey the following scaling relation
[1,19]
.

(11)

This relation then defines the roughness exponent . The
latter crucially depends on the nature of the considered
manifold. For example, for strings,
, and
,
for almost-flat fluid membranes.
The last and interesting exponent to recall is the
contact exponent. This characterizes the singular behavior

(14)

This scaling behavior remains valid as long as the meanseparation is such that 〈 〉
.
Now, to determine the scaling behaviour of the
contact probability, we must solve the differential
equation (7). We first note that it is very similar to the
traditional Schrödinger equation
(15)
where is the reduced mass and is the renormalized
Planck's constant, making the substitution

With the help of this distribution, we can calculate, for
example, its first and second moments,
〈〉

).

(16)
This Schrödinger equation has been exactly solved [17],
and it will be convenient to recall briefly the essential
steps of its resolution, in particular, for the ground state,
.
To determine the ground state of interest, we first
write it as follows
,

√

-,

∫

(17)

where is a normalization constant and
is called a
superpotential in supersymmetric language. The latter
satisfies a non-linear Riccati differential equation,
,

√

(18)

where
is the ground state energy. The above equation
has an exact solution that is [18]
√

*

+,

(19)

with
[

√

],

(20a)
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(

)

(20b)
(21)

It is easy to see that

.

Now, combining Eqs. (17) and (19) gives the exact form of
the ground state
(

)

⁄

,

(22)

The normalization constant
is exactly known. This
computed ground state gives the contact probability
(

)

⁄

(23)

with the known normalization constant
. From the
above exact formula, we can compute all moments of
separation between adjacent strings.
The above formula clearly shows that the contact
probability has a finite (small) value at the origin
⁄

(23a)

While at infinity, it decays with the average-separation as
,

(23b)

It is easy to see that the contact probability obeys the
following scaling form
( )

(24)

with the scaling function
⁄

(

)

.

(25)

Thus, the associated contact exponent exactly reads
(26b)
Then,

⁄ , for strings.

We emphasize that the discussion of the temperaturedependence of all separation-moments will be presented
in another publication.
Conclusion
The aim of this paper is an analytical study of the
statistical properties of string-pairs, from a -deformed
Morse potential, using the Schrödinger equation method.
It was found that its solutions where bound states.
From the exact ground state expression, we computed
the contact probability that is defined as the probability
to find the two interacting strings at a (finite) distance

each other. This probability gives all length-scales, which
are the average-separation and roughness.
The main conclusion is that, our analytical studies
reveal that the -deformed Morse potential is a good
candidate for the description of the statistical properties
of interacting strings.
We emphasize that the study of the unbinding
transition from string-pairs with this potential will be
appeared elsewhere.
This work must be considered as a natural extension
of some very recently published one [11], dealt with an
exact study of the statistical properties of string-pairs
from standard
and generalized
Morse
potentials.
Finally, the present analysis may be extended to more
than two strings.
Acknowledgments
We are much indebted to Professor T. Bickel for fruitful
correspondence, and to Professors J.-F. Joanny and C.
Marques for helpful discussions, during the Second
International Workshop On Soft-Condensed Matter
Physics and Biological Systems, 28-30 November 2010,
Fez, Morocco
References
[1]. M. Lässig and R. Lipowsky, Universal Aspects of Interacting
Lines and Surfaces, in Fundamental Problems in Statistical
Mechanics VIII, edited by H. van Beijeren and M.H. Ernst,
Elsevier Science B.V., 1994.
[2]. S. Dietrich, in Phase Transitions and Critical Phenomena, Vol.
12, edited by C. Domb and J. Lebowitz, Academic Press, 1988.
[3]. E. Eisenriegler, Polymers Near Surfaces, World Scientific, 1993.
[4]. R. Lipowsky, Europhys. Lett. 7, 255 (1988).
[5]. W. Helfrich, Z. Natureforsch 28c, 693 (1973).
[6]. F. Wiegel, Introduction to Path-Integral Methods in Physics and
Polymer Science, World Scientific, Philadelphia, 1986
[7]. L.S. Schulman, Techniques and Applications of Path
Integration, Dover, 2005.
[8]. H. Kleinert, Path Integrals in Quantum Mechanics, Statistics,
Polymer Physics, and Financial Markers, 5th edition, World
Scientific, London, 2009.
[9]. C. Itzykson and J.-M. Drouffe, Statistical Field Theory : 1 and 2,
Cambridge University Press, 1989.
[10]. J. Zinn-Justin, Quantum Field Theory and Critical Phenomena,
Clarendon Press, Oxford, 1989.
[11]. M. Benhamou, R. El Kinani and H. Kaidi, Conference Papers in
Mathematics, Vol. 2013, 2013
[12]. P.M. Morse, Phys. Rev. 34, 57 (1929).
[13]. M. Peyrard and A.R. Bishop, Phys. Rev. 62, 2755 (1989).
[14]. T. Dauxois and P. Bishop, Phys. Rev. E 47, 684 (1993).
[15]. Z.H. Deng and Y.P. Fan, Shandong University Journal 7, 162
(1957).
[16]. R. Lipowsky, Europhys. Lett. 7, 703 (1991).
[17]. J.I.A. Chun-Sheng, Zhang Ying, Zeng Xiang-Lin and SUN LiangTian, Commun. Theor. Phys. (Beijing, China) 36, 641 (2001)
[18]. F.A. Berezin and M.A. Shubin, The Schrödinger Equation,
Kluwer Academic Publishers, 1991
[19]. E. Sackmann, in The Structure and Dynamics of Membranes,
edited by R. Lipowsky and E. Sackmann, Elsevier, Amsterdam,
1995, p. 213304; P.F.F. Almeida and W.L.C. Vaz, ibid., p.
305357.
735 | Int. J. of Multidisciplinary and Current research, Vol.3 (July/Aug 2015)

