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Abstract
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results in complete metric spaces. We deduce some corollaries from our main results and provide examples in support of

our results.
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1. Introduction

In 1973, Geraghty[7]introduced an extension of the
contraction in which the contraction constant was
replaced by a function having some specified properties.
We use the following notation introduced by Geraghty,
namely

S={f:[0,0) >[0,1)/ p(t,) >1=1¢t, —>0}.
Definition 1.1.(Geraghty [7])A selfmap f : X — Xis
said to be a Geraghty contraction if there exists €S
such thatforall x,y e X

d(fx, fy) < B(d(x, y)d(x, y) (11.1)

Theorem 1.2.(Geraghty [7])Let X be a complete metric
space. Let f: X — X be a mapping such that there

exists [ € Ssuchthatforall x,y e X
d(fx, fy) < B(d(x, y)d(x, y) (1.2.1)

Then for any choice of initial point Xx,the iteration

x,=f(x,_)for n=123,..., converges to the
unique fixed point z of f in X .
In 1997, Alber and Guerre-Delabriere[2] introduced

weakly contractive mappings as a generalization of
contraction maps and proved some fixed point results in
Hilbert space setting. In 2001, Rhoades [10] extended
this concept to Banach spaces.

In 2003, Kirk, Srinivasan and Veeramani[9] introduced
cyclic contractions and proved fixed point results for not
necessarily continuous mappings.

*Corresponding author’s ORCID ID: 0000-0000-0000-0000
DOI: https://doi.org/10.14741/ijmcr/v.5.2.3

In 2013, Harjani, Lopez and Sadarangani[6] proved
existence of fixed points of continuous cyclic weakly
contractive selfmaps in complete metric spaces. Recently,
Alemayehu [1] introduced co-cyclic weakly contractive
maps and proved common fixed points results in compact
metric spaces. We denote

7={@:[0,0) >[0,)/})/ @is non —decreasing,
@(0)=0,0(t) >0 fort > 0}.

Definition 1.3. [‘11]Let X be a non-empty set, m a
positive integer and f:X —> X a selfmap and
X =V 4 is said to be a cyclic representation of X
with respect to the map f if () 4,1= L2,...,mare
non-empty subsets of X

(i) f(A)C Ay f(A, VA, f(4 ) 4.
Definition 1.4. [1]let X be a non-empty set, ma
positive integer and 7, f:X — X a selfmap and
X =7, 4 is said to be a co-cyclic representation of X'

w.r.t. T, fif

(i) A,1= 1,2,...,mare non-empty subsets of X'

(i) T(4) < fA,,...T(A, )= fA T(4 )< f4,.
Here we note that, by taking fas the identity map, we

get a cyclic representation of X with respect to the
selfmap 7" introduced by Rus[11]

Definition 1.5. [1Let (X,d)be a non-empty set, ma
positive integer, A, A4,,...,A are closed non-empty

subsets of X and X =" 4. let T,f:X —> X be
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two 7 is said to be a co-cyclic weakly contractive map w.
r.t. fif

(X = U;‘i1 Ai is said to be a co-cyclic representation of
Xw.rt. Tand f.

(i) d(Tx, Ty) < d( fi, )~ @(d(fi, f)) (15.1)

for any x€ 4, and yeA4,,, where 4, ,= A4, and
QeT.

Definition 1.6. [8]Two self-mappings fand 7 of a
metric space (X,d)are said to be weakly compatible if
they commute at their coincidence points, i.e., if
fu=Tufor uc X ,then fTu= fTu.

Remark 1.7.In [1] maps f,T satisfying (i) and (ii) of
Definition 1.5 are mentioned as ‘co-cyclic weak
contractions'. But the terminology ' T co-cyclic weakly
contractive map w. r. t. f' is more appropriate as the

inequality (1.5.1) is indicating ‘weakly contractive'
property. For more details, we refer [2],[10], [5] and [3].
Theorem 1.8. [4]Let (X,d)be a compact metric space

andlet 7, f: X — X be two selfmaps. Suppose that
ma positive integer, A4,,4,,...,4, are closed non-
of Xand X =V 4. Let
T,f:X — X betwo T is said to be a co-cyclic weakly

empty subsets
contractive map w. r. t. f. If f is one-one and 7 and
f are continuous, then fand 7 have a coincidence
point in X . Further, if the maps f and 7 are weakly
compatible then fand T have a unique common fixed
pointin X .

Let f and T be two selfmaps of a metric spaces
(X,d)In Section 2, we define Geraghty co-cyclic
contractive maps 7" w. r.t. f by using a function €S

and prove the existence of common fixed points in
complete metric spaces. In Section 3, we define
generalized Geraghty co-cyclic contractive maps 7 w. r. t.
f by using 8 €S and prove the existence of common

fixed points in complete metric spaces. In Section 4, we
deduce some corollaries from our main results and
provide examples in support of our results.

2. Common fixed points of Geraghty co-cyclic contractive
maps

In the following, we introduce Geraghty co-cyclic
contractive maps by using an element S € S'.

Definition 2.1.Let (X,d)be a non-empty set, ma
positive integer, A,A,,...,A are closed non-empty
subsets of X and X =" 4. Llet T, f: X —> X be

two T is said to be Geraghty co-cyclic contractive map w.

r.t. fif

Common fixed points of generalized Geraghtyco-cyclic contractive maps

(i) X =", 4 is said to be a co-cyclic representation of
Xw.rt. Tand f.

(ii) there exists f3 € S such that

d(Ix,Ty) < pd(fx, p)d(fx, fp)

(2.1.1)

forany x€ 4, and ye€ A4,,,,where 4 ., =A4,.
Theorem2.2.Let (X, d)be a complete metric space and

Let 7, f: X — X be two selfmaps. Suppose that a

i+17

positive integer, A, A,,...,A are closed non-empty
subsets of X'and X =U" A andTis said to be
Geraghty co-cyclic contractive map w. r.t. fif f is one-
one and f(4,) is closed, then there exists z € M A4,
such that z is a coincidence point of fand7 .
Proof:let x, € X = A.. Then x, € A for some
ie{l,2,3,.,m}. ThenTx,eT(4)c f(4,) and
hence Tx, = fx, € f(4,,) forsome x, € 4, .
Now, since T, € T'(4,,,) < f(4.,,), we have
Tx, = fx,forsome x, € 4,,.

On continuing this
{x,} < X such that

Ix, = fx,, foralln=1,2,... . (2.2.1)
Hence, for each n, there exists a positive integer
i, €{l,2,...,m} such that x, € Al.” and X . € Al.”+1

process, we get a sequence

n+l

n+l
satisfying Tx, = fx,,,(2.2.2)

If there exists 7, €[] with X, =X then we have

ny+17
Ix, ., =Tx, = fx,,, so that fand Thave a
coincidence point X, ;.

Hence, w. |. g, we assume that Xx,6 #Xx, , for all
n=12,.... Then fx, # fx
the construction of {x,}, we have Tx,6 # Tx, ,, for all
n=12,...

Now, by (2.2.2) and the inequality (2.1.1), we have

d(fjcn H fan) = d(Txnfl’ Txn)

< pld(fx,, ) (f, o, 1x,) (2.1.3)

foreach n=1,2,....

d(fx,, fx,,,)<d(fx, , fx, )forall n>1.

Hence {d(fx,, fx,, )}is a decreasing sequence of non-

.41 forall n. Further, from

Therefore

negative reals and hence converges to a limit 7 (say),
r>0

We now show that 7 =0.
Suppose that # > 0. Then from (2.2.3), we have

d(fx, f,0) < Bl (f, s S5, (0 /5, -

On letting n —> 00, we get
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. d(fxn 4 fanrl) 1
lim 2 < lim A (s, ) <1

L<lim B(d(fx,.,, fx,)) < sothat
B(d(fx, . fi,)) —>Lasn —>o0.

Since S €S, itis follows that 11_1}010 d(fx, ,, fx,)=0.
r=limd(fx,., fx,)=0<r, acontradiction.
Hence limd(fx,, f,.,) = 0. ie.,r =0.

We prove that { fx, } is a Cauchy sequencein X .

First, we show that for every 0> 0 there exists 7 €[]
such that if p,g=nwith p—qg=I1(modm), then

d(fx,, fx,) <o,
If it is false, then there exists an O > 0 such that for each

ne€ll we can find sequences {p,} and {g, } such that
p,>q,2n
d(.f“x‘p” ’fjcq” ) 2 O

Now, let 71 be such that 7>2m. Then for g, >n we

with  p —gq =1(modm)and

choose {p,} such that {p, } is the smallest positive

than {4,}
d(fx,, fx, )20,

implies that d(fx, , fx, )<0.

integer greater satisfying

which

P, —q, =1(modm) and

By using the triangular inequality, we have

o<d(fx, . fx, ) <d(fx, , fx, )+Ird(fx, . fx,

< 6+ z’zld(fxpnfi ’ fjcpnfm )
On letting n —» 00, we have
limd(fx, , fx, )=0, since limd(fx,, fx,,)=0.
n—»o n n n—0

(2.2.4)

Again, by the triangular inequality, we have
o<d(fx,,fx,)<d(f, , fx, )+d(fx, ./, )
+d(fx, fx,)<d(fx, . fx, )+d(fx, [, )
+d(fx, , fx, )+d(fx, , fx, V+d(fx, ., fx,)
<2d(fx, . fx, )+d(fx, , fx,)+2d(fx, | fx,)

On letting n —> o0 and by using (2.2.4), we have

limd(fxq”+1’ fxanrl) = 6’

n—>0

sincelimd( fx , fx,,,)=0

)

n=i+l

(2.2.5)

In fact, X, and X, lie in different adjacently labelled

sets 4, and A4,,,,
(2.1.1), we have

d(fxqm ’ f xpnu ) - d(qu/, ’T xﬁn)
<pld(fx,, fx, )d(fx, . fx,) (2.2.6)

for 1 <i<m. Now by using condition

Common fixed points of generalized Geraghtyco-cyclic contractive maps

On letting 1 —> 00, using property of £ in (2.2.6) and
using (2.2.4) we have

o _ ..
l=—<lim B(d(fx, , fx, )). Itisa contradiction.
> now w2,

So we conclude that our assumption is wrong. Therefore
given 0>0and n, €[] such that if p,q 2 n,with

p—q =1(modm)thend(fx,, fx )< g (2.2.7)

Since limd( fx,, fx,,;) =0, there exists n, €Ll such
n—»0

n+l
that d( fx,, fx )< —. (2.2.8)
2m

foreach n=>n, .

Suppose that 7,s >max{n,,n}and s>7r. Then
k e{l,2,...,m} such that
s—r=k(modm). We choose j=m—k+1. Then,

m+1=1(modm), we
s+j—r=s+(m—-k+1)—r=(s—r)+(m+1)—k =1(modm)

there exists

since have

d(fi f) <d(f,. fr,, ) +d(fr,, o )

+otd(fx,_, fx,)
0 0 _0 0
d(fx, x)<—+(j+D).—<—4+m.—=0.
(fx,, fx,) > (J )2 > o
Therefore, given 0> (Othere exists 7 €l] such that
d(fx,, fx,)<ofor all r,s=>n. Hence {fX, }is a
Cauchy (X,d)is

sequence. Since complete

lim fx, = x,forsome xe X .

n—>0
Since x, € X =, , 4 implies x, € A for some iand
le{l,2,...m}. In

x, €A, for all particular,

x, €A, =Aand x, €A4,..,x, €Afor all
k=0,1,2,... .Since {x, 4, we have
{f(x, )y f(4). since f(4)is closed and

{f(x,,)}is a subsequence of {f(x,)}we have
fx,, = xas k—>oandxe f(4).

We now show that xen’, f(4,).
Xpom €A1t = A, for all [=1,2,...,mwhich
S ) € f(4,)for all [ so

i+/=i,(modm) forsomei, € {1,2,...,m} . Therefore

VA f(A[O ).

We have

implies that

Now / € {1,2,...,m} implies f(x,, )—>Xxask —>o.
Since f(4,)is closed, we have x € f(4, ) Note that,

for any ied{l,?2,..,m}we
{i+l/1=12,....,m}={1,2,...,m} under

have

congruent
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modulo 7 .Since this is true for any [ e{l,2,...,m}it
follows that x e N, f(4,).

xen f(A)implies xe f(4)for each
Since f(A4) is closed.
exists z, € A;such that x = fz,for each i=1,2,...,m.
e~ X=fz, =fz, =..=Jz, for
z,€A,z,€A,...z, €A, . Since f isone-one, we

Now,

i=12,...m. Hence there

some

have zZy=z,=..=z,=2z (say) Hence
X=fz,zeN 4.
Now we prove that z is a coincidence point of f and 7.

By the inequality (2.1.1) we have
d (s 12) = d (T, T2)

< ﬂ(d(ﬁl-#kmfl ’ f‘Z))d(fokmfl ’ ﬁ)

sincex,,, €4, and z€ 4,

+km— +km *

On letting k —> 00, we have

d(x,Tz) ..
m = }CLIE B (fX, 115 /7)) <1.Hence

1< I{im BA(fx, ., 1»/2)) <1 which implies that

L(d(fz,Tz)) > 1as k — 0. Since S &S, we have
fz =Tz .Therefore z is a coincidence point of f and 7'
in X .

Theorem2.3.In addition to the hypothesis of Theorem
2.2, if the maps 7" and f are weakly compatible then

T and f have a unique fixed point.

Proof: By Theorem 2.2, we have fz=Tz=u (say).
Since 7 and fare weakly compatible, we have
Tu=Tfz = fTz = fuimplies fu=Tu.

Now, we prove that Tu =u.

Since Tze€ X =", 4 implies Tz € A for some iand
zen A, we have zeAfor all ie{l,2,..,m}
.Now, by the inequality (2.1.1) we have
d(Tz,TTz) < p(d(fz, fTz))d( [z, /TZ)
<pdTz,TTz))d(1z,TTz)

so that 7z =TTz and hence fu =Tu =u .Therefore u

is a common fixed point of f and 7" .We now show that

uem; A, since fu=Tu=u, we have u € A, for
some i .Now,

ued =>Tuel(4)=>TueT(4)c f(4,)
=Tu=fref(4.)

for some ved,,. Therefore fu = fvfor some

ved,,, since fis one-one we have u=veA4,, so
that u € AH1 . By repeating the same argument, we get
uen A.

Common fixed points of generalized Geraghtyco-cyclic contractive maps

Uniqueness: Let y and z be two common fixed points of
T and f . Then we have

Ty=fy=yandlz= fz=zandy,zeN 4.

From the inequality (2.1.1), we have
d(y,z)=d(Iy,Tz) < p(d(fy, 2))d (fy, [Z)

< pd(y,2))d(y,z))

since f € Swe have d(),z)=0. ie, z=y.
Therefore f and 7 have a unique common fixed point in

X.
Example2.4.Let X =[] with the usual metric.Let

A4, =(—o0,1]and 4, =(0,0).

Tx=3_xand
2

We define 7,1 :X —>Xby

Sfx=2—x.We define £:[0,00) —>[0,1) by

1
t)=——,t>0.Clearly, X =4 UAis co-cyclic
1+¢ 1 2

representation of X w.rt. 7 and f.
Now we verify the inequality (2.1.1) in the following:

For x€ A;and y € 4,, then d(Tx,Ty) :|g—§|and
d(fe, f) = x— |

X
d(Tx,Ty>=|5—§|sm|x—y|)<|x—y|)

= pd(fx, p)d(fx, fy).
Clearly, 7 and fare weakly compatible and satisfy all
the hypotheses of Theorem~2.3. Therefore $1$ is the

unique common fixed point of 77and fandle 4 M A4,

If we relax the £ is not one to one of Theorem~2.3 then
T and f may have a common fixed point.
Example2.5.Let X = {0,1,2,3} with the usual metric.Let
A ={0,1}and 4, ={12,3} . We define T, f: X > X
by70=171=1,72=0,T3=1

f0=0,f1=1,f2=3and f3=0.We define
0 ift=0;
B:[0,0) >[0,) by B(1) =\ 4+t .
if't>0.
442t

Clearly, X = A, U A, is co-cyclic representation of X
w.rt. Tand f.

Now we verify the inequality (2.1.1) in the following:

Case ():x=0and y=2, then d(70,72)=1and
d(fo, f2)=3.

d(Tx,Ty)=d(T0,T2)=1<4(3)3
=pd(f0,/2)d(f0, f2) = p(d(fx, )d(fx, /y).
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Case (ii)x=1land y=2, then d(T1,72)=1and
d(fl, f2)=2.

d(Tx,Ty)=d(T1,T2)=1< 5(2)2

=B(fL 1 2)d(f1, £2) = pd(fx, p)d(fx, ).
Case (jii): x=0and y=1.

In this case, the inequality(2.2.1) trivially holds.

Case (iv): x =0and y=3.

In this case, the inequality (2.2.1) trivially holds.

Case (v): x=1and y=3.

In this case, the inequality (2.2.1) trivially holds.

Clearly, 7' and f are weakly compatible and satisfying all

the hypotheses of Theorem2.3. Therefore lis the unique
common fixed pointof 77and fandle 4 M A4, .

Further, we observe thatat x =1and y =2
d(TL,T2)=1ce B(D = Bd(1,2)d(L,2) for  any
peSs.

Hence, the inequality (1.1.1) does not hold for any f

Therefore T'is not a Geraghty contractive map. Hence
Theorem1.2 is not applicable.

3. Common fixed points of generalized Geraghty co-
cyclic contractive maps

In the following, we introduce generalized Geraghty co-
cyclic contractive maps by using an element ﬂ esS.

Definition 3.1.Let (X,d)be a non-empty set, ma
positive integer, A, A4,,...,A, are closed non-empty
subsets of X and X =" 4. Llet T, f: X —> X be

two Tis said to be generalized Geraghty co-cyclic
contractive map w. r.t. f if

(i) X =\, 4 is said to be a co-cyclic representation of
Xw.r.t.Tand f.

(ii) there exists 3 € S such that

d(Tx, Ty) < B(M (x, y))M (x, )

(3.1.1)

forany x€ 4, and y € 4,

.1, Where 4, = A, where

M(x,y) =max{d(fx, fv),d(fx,Tx),d(fy, Ty),%(d(fx, Ty)+d(Tx, f)}
Theorem3.2.Let (X, d)be a complete metric space and
Let 7, f: X — X be two selfmaps. Suppose thatm a
positive integer, A,A4,,...,A are closed non-empty
subsets of Xand X =U AandTis said to be
generalized Geraghty co-cyclic contractive map w. r. t. f

if f is one-one and f(A4,) is closed, then there exists

m

z e A suchthat z is a coincidence point of f and

T.

Common fixed points of generalized Geraghtyco-cyclic contractive maps

Proof: Let x, € X = A. Then X, € A, for some
ie{l,2,3,...m}. ThenIx,eT(4)c f(4,) and

hence Tx, = fx, € f(4.,,) forsome x, € 4,,.

Now, since Tx, € T(4,,) < f(4,,), we have

Tx, = fx,forsome x, € 4.,,.

On continuing this process, we get a sequence
{x } < Xsuch that Tx = fx ., for all n=1,2,....
(3.2.1)

Hence, for each n, there exists a positive integer

i, €{L,2,...,m} such that x, €4, and x,, €4

n+l

satisfying Tx, = fx

n+l*

(3.2.1)

If there exists 7, € ] with ano =X then we have

ny+17

Ix, ., =Tx, fo,,o+1 so that fand T have a

coincidence point X, ;.

Hence, w. |. g, we assume that x, #x,, for all
n=12,.... Then fx, # fx ., forall n. Further, from
the construction of {x,}, we have Tx,6 # Tx, ,, for all
n=12,...

Now, by (3.2.2) and the inequality (3.1.1), we have

d(fx,, fx,,)=d(Tx,_ ., Tx,)< (M (x,_,,x, )M (x,_,,x,)
, Where (3.2.3)
M(xn—l > xn) =max {d(.fjcn—l > fxn )’ d(fxn—l > Txn—l )3

d(fx,,,TX,,),%(d(fx,,wTX,,)+d(ﬁ€n»TxH))}

= max {d(f, . fi)od( e fi)dfi, fi),
%(d(ﬁcn,l,ﬁcm)+d<fxn,ﬁc,l))}
<max{d(fi, . fi, ) d(fr, fi,.),
%(d(ﬁcn_l,fm+d<ﬁcn,ﬁc,,+l>)}

=max{d(fx,, fx,).d(fx,, fx,.)}.
If max{d(fxnflﬁﬁn)’ d(ﬁn’ﬁnﬂ)} = d(fxn’fxnﬂ)
then, from (3.2.3) we have

d(fx,, fx,.) < pA(fx,, &, ))d(f,, f,.,) <d(fx,, fx,,) 2
contradiction.
Hence

max {d(fxnfl ’.fxn )5 d(fxn o .fxnﬂ)} = d(fxnfl ’fxn)
then, from (3.2.3) we have

d(.fxn’fxnﬂ) S IH(d(‘fxnfl’.fxn ))d(fxnfl’fxn) :

(3.2.4)

By the property of /3, we have

d(fxn’fxnﬂ) < d(fxn—l’fxn)for all n 2 1 .

Hence {d(fx,, fx,, )}is a decreasing sequence of non-

negative reals and hence converges to a limit 7 (say),
r>0
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We now show that # =0.
Suppose that 7 > (0. Then from (3.2.3), we have

d(fx,, fx,.) < pM(x,,x,)d( X, , fx,).  On

letting n —> 00, we get

d(fx, ) _
;gdunvﬁﬁﬁggﬂwﬂnwmnﬁl

1<limp(M(x, ,,x,)) <1so

pA(fx, ,, fx,)) —las n—>o0.
Since S €S, itisfollows that limd( fx, ,, fx,)=0.

that

r=lmd(fx, ,, fx,)=0<r,acontradiction.
n—>0
Hence limd(fx,, fx,,,)=0. i.e,r =0.
n—>0

We prove that { fX, } is a Cauchy sequencein X .

First, we show that for every 0> 0 there exists 7 €[]
such that if p,g=nwith p—qg=I1(modm), then

d(fx,, fx,) <o.
If it is false, then there exists an 0> 0 such that for each
nell we can find sequences {p,} and {g, } such that

p,>q,2n
d( i, fr,) 0.
Now, let 7 be such that 7> 2m. Then for q,2n we

with  p —gq =1(modm)and

choose {p,} such that {p, } is the smallest positive

than {4,}
d(fx, . fx, )20,
implies that d(fx, , fx, )<o.
By using the triangular inequality, we have
o<d(fx,,fx,)<d(fx,, fx, )+E5Ld(fx, ,fx, )
<0+ Zl'ild(fxpm , fx

panl)
On letting n —> 00, we have

limd(fs, , fx,) =0, since limd(f,, fi,)=0.

(3.2.4)
Again, by the triangular inequality, we have

o<d(fx,,fx,) <d(fx,,fx, )+d(f, .fx, )
+d(f, o fx, ) <d(fx, K, )+d(f&, &)
+d(f, S, ) +d(fx, , fx, V+d(fx, )
<2d(fx, . fx, )+d(fx, , f, )+2d(fx, . fx,)

integer satisfying

which

greater

p, —q, =1(modm) and

On letting n —> o0 and by using (2.2.4), we have
)1113010 d(fx, ., fx, ,)=0,since

llmd(fjcn H ijnJrl) = O

n—>0

(3.2.5)

Common fixed points of generalized Geraghtyco-cyclic contractive maps

In fact, X, and x, lie in different adjacently labelled

sets 4, and 4,
(3.1.1), we have

for 1 <i < m. Now by using condition

d(fx, . fx, )=d(ITx, ,Tx, )< M (x, ,x, DM (x, ,x, ),
where  (3.2.6)
M(x, ,x,)=max{d(fx, , fx,),d(fx, . Tx, ),d(fx, ,Tx, ),
1
5 (d(fx, . Ix, ) +d(fx, . Tx, )}
=max{d(fx, , fx, ),d(fx, , fx, ),
1
d(fx, ., fx, ), 5 d(fx, . fx, V+d(fx, , fx, )N}
=max{d(fx, , fx, ). d(f, . fx, ).d(f, . fx, )

% (d(f,, . fx,)+d(fx, . fx, V+d(fx, . fx,)

+d(fx, , fx, )} —0
as n—>00. On letting 77 —> 00 , using property of [ in
(3.2.6) and using (3.2.4) we have
1= 9 <lim S(M(x, ,x, )). Itisa contradiction.
[e) n—»o0 " "
So we conclude that our assumption is wrong. Therefore

given 0>0and n, €[] such that if p,q 2 n,with
0
p—q =1(modm)thend(fx,, fx )< 5 (3.2.7)

Since limd( fx,, fx,,;) =0, there exists n, €[] such
n—>0

n+l

that d(fx,, fr ) < —. (3.2.8)
2m

foreach n=>n, .

Suppose that 7,s=>max{n,,n}and s>7r. Then
k e{l,2,...,m} such that
s—r=k(modm). We choose j=m—k+1. Then,

m+1=1(modm), we have
s+j—r=s+(m—-k+1)—r=(s—r)+(m+1)—k =1(mod m)

there exists

since

d( s i) Sd(fr, fro, ) +d(fy, s fr )
Fotd(fi, fr)

d(ﬁf,‘,ﬁcs)ﬁg+(j+l)§

0 o .
<—+m—=0
2 2m

Therefore, given 0> (Qthere exists 7 €[] such that
d(fx,, fx,)<ofor all r,s=>n. Hence {fX }is a
Cauchy (X,d)is

sequence. Since complete

lim fx, =x,forsome xe X .

n—0
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Since x, € X =" A implies x, € A for some iand

x, €A for al [e{l,2,.,m}. In particular,
x, €A, =Aad x, €A,..,x, €Afor all
k=0,1,2,... .Since {x, <4, we have

{f ()} < f(4).

{f(x,,)}is a subsequence of

f(4)is closed and
{f(x,)}we have

fx,, > xas k—>oandx e f(4,).
xenl f(4).
Xpom €Ariin = A, [=1,2,...,mwhich

f(x,.,)€f(A, )for al [.  So
i, €{1,2,....m}.

Since

We now show that We have

for all
implies that
i+ =i,(modm) for
Therefore f(x,,,,) € f(4,).

Now / €{l,2,...,m} implies f(x,, )—>Xxask —>o0.

Since f(4, )is closed, we have x € f(Al.o) Note that,

some

forany i €{l,2,...,m} we have
{i+l/1=12,...m}={1,2,...,m}under
modulo m .

Since this is true for any [ €{l,2,...,m}it follows that

xer f(4),
xen, f(4)implies xe f(4,)for
Since f(A4) is closed.
exists z, € A such that x = fz, for each i=1,2,....m.
e~ X=fz, = fz, =...= [z,

z,€A,z,€A,..,z, €A, . Since f isone-one, we

congruent

Now, each

i=12,..m. Hence there

for some

have z=z,=...=z, =2z (say). Hence
xX=fz,zen 4.

Now we prove that z is a coincidence point of f and 7.
By the inequality (3.1.1) we have

A s 12) = d(Tx) 4,15 T2) S PIM (X415, 2)DIM (X415 2)
, Where (3.2.9)

M (x, ,z) =max{d (fx, 1> J2), dSXp 15T jn)s

d(f2.T2), % (d(firy 1 T2+ d(fz T )}
=max {d(fokm—l ) f2), d(th-km—l > fx1+km ), d(fz,Tz),
% (d(fiyyr 1o T2) +d(f2. T )}

sincex,,, €A, ,and z€ A, .Onletting k =00

+km

, we have

lim M (x,,,2) = d(f2,Tz).

On letting K —> o0 and (3.2.9), we have

Common fixed points of generalized Geraghtyco-cyclic contractive maps

d(x,Tz) : llcl_>n3o P (S g5 f2)) <1

1< ]lcim BA(fx,,, > /2)) <1 which implies that
P(d(fz,Tz)) > 1as k —> 0. Since S €S, we have
fz=1z.

Therefore z is a coincidence point of f and 7in X .

Hence

Theorem3.3.In addition to the hypothesis of Theorem
2.2, if the maps 7" and [ are weakly compatible then

T and f have a unique fixed point.

Proof: By Theorem 2.2, we have fz =Tz =u (say).
Since 7" and f are weakly compatible, we have
Tu=Tfz = fTz = fuimplies fu=Tu.

Now, we prove that Tu =1u.

Since Tze X =u

m

i1 A implies 7z € A for some iand
zeN!, 4, wehave

ze Afor all ie{l,2,...,m}.Now, by the inequality
(2.1.1) we have

d(Tz,TTz) < p(M(z,T2))M (z,1z) , where (3.3.1)
M (z,Tz) =max{d( fz, fIz),d( fz,Tz),

d(sz,TTz),%(d(fz,TTz)+d(sz,Tz))}

=max{d(1z,TTz),d(1z,1z),d(TTz,TTz),

d(1z,TTz)} =d(Tz,TTz)

so that 7z =77z and hence fu =Tu =u .Therefore u
is a common fixed point of f and 7" .We now show that
uen A, since fu=Tu=u, we have u € 4, for

some i .
Now,
ued=>TuelT(4)=>TuecT(4)c f(4,)=>Tu=fre f(4,)

for some ve4d,,. Therefore fu = fvfor some
veA,,, since fis one-one we have u=ve 4, so

that u € Ai+1 . By repeating the same argument, we get

uen; 4.

Uniqueness: Let y and z be two common fixed points of
T and f. Then we have

Ty=fy=yandTz= fz=zandy,zeN 4.

From the inequality (2.1.1), we have

d(y,z)=d(Ty,1z) < (M (y,z))M (y,2) ,

where (3.3.2)

M(y,z)=max{d(fy, fz),d(fy,Ty),d(fz,T2),

%(d(ﬁ/,TZ)er(Ty,fZ))}
=max{d(y,z),d(y,y),d(z,z),

%(d(y,Z) +d(y,2))}=d(y,2)
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From (3.3.2) and since €S, we have d(y,z)=0.
ie, z=y.
Therefore f and 7 have a unique common fixed point in

X.

Corollaries and Examples

By choosing fZIXin Theorem2.2, we have the

following corollary.
Corollarie 4.1.Let (X,d)be a complete metric space.

Suppose that ma positive integer, 4,4,,...,4, are
non-empty closed subsets of X and X =U 4. Let

T : X — X be a mapping such that
(i) U, 4. is a cyclic representation of X w.r.t. T

(it d(Tx,Ty) < p(d(x,y))d(x, y)for any x € A, and
yed,, with 4,,=4,
peSand Ais

zeM A suchthat Tz =z.

each closed.Then there exist

By choosing f=[Xin Theorem3.2, we have the

following corollary.

Corollarie 4.2.Let (X,d)be a complete metric space.
Suppose that ma positive integer, 4,4,,...,4, are
non-empty closed subsets of X and X =U 4 . Let
T : X — X be a mapping such that

(i)W, A is a cyclic representation of X w. r. t. T (i)
d(Tx,Ty) < (M (x,y))M (x,y) where

M(x,y) = max{d(x, y),d(x,Tx),d(y,Ty),

1
E(d(x,Ty)er(y,Tx))}
with 4 ., =4,5€S

and each A, is closed.Then there exist z €M A such
that 7z =z.

forany xe 4 and ye A4

+17

In the following, we provide examples in support of the
results obtained in Section 3.
If we relax the f is not one to one of Theorem 3.3 then

T and f may have a common fixed point.

Example 4.3.Let X ={1,3,5,7} with the usual metric
let 4 =1{1,3}and 4, ={3,5,7}. We
T,f: X —> Xby
T1=T3=3,T5=1,T7=3;f1=1,3=3,/5=7
and f7=1.

We define the same S that are mentioned in Example

define

2.5.Now we verify the inequality (3.1.1) in the following:

Common fixed points of generalized Geraghtyco-cyclic contractive maps

Case ():x=land y=5, then d(T1,75)=2and
M(1,5)=6.
d(Tx,Ty)=d(T1,T5)=2< 3(6)6

=M 1,5)M(1,5) = f(M (x, y))M (x, y).

Case (ii):x=3and y=35, then d(T3,75)=2and
M@3,5)=6.

d(Tx,Ty)=d(T3,T5)=2< B(6)6

=M B,5)M3,5) = fM (x, )M (x, y).

Case (iii): x=1and y=3.

In this case, the inequality (3.1.1) trivially holds.

Case (iv:x=1land y=7.

In this case, the inequality (3.1.1) trivially holds.

Case (v): x=3and y=7.

In this case, the inequality (3.1.1) trivially holds.

Clearly, T'and f are weakly compatible and satisfying all
the hypotheses of Theorem 3.2. Therefore 3 is the unique
common fixed pointof 7'and fand3 € 4 M A4,.

Further, we observe that at x =3 and y= 5
d(T3,T5)=2" B(2)2=B(d(3,5)d(3,5), for any
pesS

Hence, the inequality(1.1.1) does not hold for any /f.

Therefore T is not a Geraghty contractive map. Hence
Theorem1.2 is not applicable.

If we relax the weakly compatibility property 7" and fof
Theorem 3.3 then 7 and f may not have a common
fixed point.

Example 4.4.Let X ={0,1,2,3} with the usual metric.

let 4 ={0,1,2}and 4, =1{1,2,3}. We
T,f: X —>Xby
T0=1T1=72=2,T3=3;f0=3,f1=2,f2=1
and f3=0.

define

We define the same [ that are mentioned in Example
2.5.Now we verify the inequality (3.1.1) in the following:
Case ():x=0and y=1, then d(70,71)=1and
M(0,1)=2.

d(Tx,Ty)=d(T0,T1)=1< B(2)2

= pM(0,1)M (0,1) = (M (x, )M (x, y).

Case (ii):x=0and y=2, then d(70,72)=1and
M(0,2)=2.

d(Tx,Ty)=d(T0,T2)=1< p(2)2

= p(M(0,2))M(0,2) = (M (x, )M (x, y)

Case (iii)x=1and y=3, then d(T1,73)=1and
M(1,3)=3.

d(Tx,Ty)=d(T1,T3)=1< B(3)3

=pM1,3)M(1,3) = S(M (x, y)M (x, )
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Case (iv):x=2and y=3, then d(72,73)=1and
M(2,3)=3.

d(Tx,Ty) = d(T2,T3) =1< (3)3

= pM(2,3)M(2,3) = f(M (x, )M (x, y)

Case (v): (x,y)=(L2)and (x,y)=(2,1).

In this case, the inequality (2.2.1) trivially holds.
Hence 2is the coincidence point of 7 and f and

led N4,.

Here, we note that 7"and f are not weakly compatible,
since T1=2and f1=2then T(f(1))=T(2)=2and
STM)=f(2)=1, so that T(f(1)= f(T(1)).

And we observe 7 and f have no common fixed points
in Xandled NA4,.

Further, we observe thatat x =2 and y= 3
d(T2,T3)=1" A1)l =B(d(2,3))d(2,3)for any
peS

Hence, the inequality(1.1.1) does not hold for any f.

Therefore T is not a Geraghty contractive map. Hence
Theorem1.2 is not applicable.
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